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ABSTRACT This work deals with the description of stiffness effects upon the magnetization relaxation 
of nuclei attached to polymer chains, in a melt or in a gel. A Wiener-integral approach is used to calculate 
the residual energy of tensorial spin-spin interactions, taking chain stiffness effects into consideration. It 
is shown how the effect of chain length competes with that of stiffness. The distribution function of the residual 
energy existing along a chain segment is calculated in the case where a force is applied to chain ends. It is 
shown that the usual description of stiffness leads to a residual energy equivalent to that associated with an 
ideal chain. A local interaction is introduced to modify the residual energy. The case where a chain has fixed 
end points is considered to illustrate properties of gel systems. 

I. Introduction 
It is now well established that the magnetic relaxation 

of nuclei attached to polymer chains can reflect topological 
constraints resulting either from the presence of entan- 
glements in a melt or from that of cross-links in a covalent 

These constraints induce a diffusional asymmetry 
of motions of monomeric units which gives rise to a re- 
sidual energy of tensorial interactions of nuclear spins. The 
relaxation of the transverse nuclear magnetization is 
usually found to  exhibit a pseudosolid behavior governed 
by the residual energy of spin-spin interactions. Non- 
isotropic diffusion processes of segments hence manifest 
through this specific behavior and the residual energy A, 
averaged over a whole sample can be considered as per- 
tinent parameters measuring the state of constraints in a 
polymer whether it is a melt or a covalent gel. The pa- 
rameter Ae has proved a convenient quantity to charac- 
terize stretching effects of chain segments resulting either 
from the isotropic swelling of a gel4 or from the uniaxial 
elongation of such a system.6 These investigations stress 
the need to quantitatively relate Ae not only to collective 
topological constraints exerted on polymers by one another 
but also to specific properties of individual chains. More 
precisely, it is necessary to discriminate the contribution 
to A, induced by the stiffness of a chain from the con- 

0024-9297/89/2222-0135$01.50/0 

tribution due to surrounding obstacles. 
The purpose of this work is to  propose a continuous 

chain approach to the description of stiffness effects on 
NMR properties. The stiffness is actually expected to 
enhance the steric hindrance affecting skeletal motions of 
any chain segment with end points fixed in space. Ac- 
cording to continuous chain descriptions previously pro- 
posed by Edwards6 and Freed,’ the polymer will be pic- 
tured as the trajectory of a fictitious particle in a three- 
dimensional space. Furthermore, it will be shown that the 
residual energy of spin-spin interactions can be given an 
expression similar to that of the velocity of the fictitious 
particle. Consequently, the Wiener-type functional inte- 
gral method will prove well appropriate to the description 
of NMR properties. 

11. Real Chain Description 
Eliminating excluded-volume effects throughout this 

work, the configurational statistics of a single chain will 
be considered by taking only short-range interactions into 
consideration. The description of a flexible polymer starts 
from a simple Gaussian chain model as usual; the apnideal 
behavior is then introduced through potential functions 
acting on the configurations. It is now well-knoqn that 
the statistical description of macromolecules can rely upon 
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Figure 1. Continuous description is obtained by dividing a chain 
into Gaussian submolecules of end-separation vectors i;. - ?j-l 0' 
= 1 , 2  ,..., N). 

the use of Wiener-type functional integralsa6 The polymer 
is represented by a continuous three-dimensional space 
curve ?(s), where s measures the contour length along the 
chain (0 < s C L ) .  Stiffness effects have been analyzed 
in slightly different ways by Saito et a1.8 (STY) and by 
Freed.' 

11.1. Chain Stiffness Description. To connect NMR 
properties to chain stiffness, it is worth recalling how the 
discrete chain model may give rise to a continuous de- 
scription. The freely jointed chain is divided into n- 
equivalent submolecules of contour length Asj (Figure 1): 

n 
CAS, = L 

j=1 

The probability distribution function associated with a 
submolecule is expressed as 

r 1 

P(?, - ?,-l, As,) = (3/2?r lA~,)-~/~ exp 

The continuous description of the whole chain is obtained 
when the limits n - m and As, - 0 are reachpd. The 
statistical weight of the end-separation vector R is 

with 

pHo = zLL[P(s ) l2  3 ds + pLLV[?(s)] ds 

and p = l / k T ;  D[?(s)] is the usual integration measure over 
all paths ?(s), while V[?(s)] is a potential energy f2nction 
acting on every monomeric unit. The function G[R]  obeys 
the well-known differential equation 

In this diffusion equation, the contour length plays the role 
of a time variable. Several modesl7l8 have been proposed 
to account for chain stiffness effects. According to the STY 
procedure, based on a mechanical point of view, an elastic 
energy of bending ' / 2 ~ / R , 2  is associated with the rodlike 
chain. The radius R, is a quantity defined from the ac- 
celeration vector 

(5) 1/R, = (dii/dsl = ld2r'/ds21 

Figure 2. Any submolecule is pictured as a continuous curve. 
The chain description relies upon velocities Z(s) when stiffness 
effects are taken into consideration. 

where C(s) is the velocity vector corresponding to the time 
variable (curvilinear abscissa) s. The parameter E is sup- 
posed to depend upon the chemical structure of monomeric 
units. The partition function is now written down as 

with 

BHs = 

In the absence of any potential function, V[?(s)] = 0, and 
the partition function may be expressed in terms of the 
velocity vector C(s) = d?/ds. _For given 1imiJ conditions 
applied to end points C(0) = Uo and C(L)  = UL, attention 
is now focused upon (Figure 2): 

ex.(- $ J L (  2)' ds - 3 1 L C 2  21 0 dsJ (7) 

Since ii is considered as a velocity, no constraint is applied 
to its square lep&h, according to the procedure proposed 
by Freed.I G[ Uo,UL] now satisfies the differential equation 

If d /dL  is replaced by i h ( a / a t ) ,  this equation is trans- 
formed into the Shrodinger equation associated with a 
harmonic oscillator. 

11.2. Broken Symmetry. Furthermore, considering 
the potential energy function V[?(s)], it is suggested to 
introduce the velocity vector ii(s) from partial integrals: 

The first term of the right-hand part of this equation is 
included in the normalization constant. Therefore 

with 
?(SI = -ei(v(7(s))) (11) 

T ( s )  is the force per unit length acting on the monomeric 
unit located at  r'(s). By analogy with field theory de- 
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scriptions, a source 7 is defined by 

70) = - P S T ( S )  (12) 

Accordingly, the Wiener functional reads 
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a source will be studied in next sections. 

111. Residual Energy of Spin-Spin Dipolar 
Interactions 

NMR properties will be described according to the 
following model. Conside_ing a freely jointed chain seg- 
ment, every skeletal bond 1 is supposed to carry one proton 
pair. Nuclear magnetic interactions between different 
proton pairs are neglected. The dipole-dipole coupling of 
nuclear spins existing within a proton pair is called H D  and 
the corresponding Hamiltonian is written as 

h% = h%z + h 7 f D  

h Hz is the Zeeqan energy of a proton pair in th+e steady 
magnetic field B,. Also, for two nuclear spins Zl and Z2 

h7fD = h(Fef2 - 3Zz'Iz2)A12 

with 

A12 = y 2 h ( 3  cos2 4- l ) / 2 a 3  (17) 

4 is the angle between the djrections of a link 1 and that 
of the steady magnetic field Bo; y is the gyromagnetic ratio 
of a proton. The two spins are separated by a distance a. 

The relaxation function of the transverse magnetization 
M,(t) in the rotating frame is known to be expressed by 

M,O(t) = Tr(M,(t)M,1/TrWx2) (18) 

with 
M,(t) = ei@DtM,e-iHDt 

M, is the spin operator representing a proton pair.'O The 
spin-system response of a proton pair has been extensively 
described1' 

M,O(t) = cos (to(1)t) (18') 

with 

EO($ = 3y2h(3  cos2 4 - 1) /4a3  

It  is now assumed that the freely jointed chain segment 
pictures a submolecule with a fixed end-separation vector 
Tj  - ?j-l; then, the spin-system response M,O(t) must be 
averaged over all bond orientations compatible with the 
end-separation vector Fj - Fj-'. Accordingly, the relaxation 
function is expressed as 

( M , O ( ~ ) )  = COS ~t ( to ( I ) )or i en~  (19) 

( t ~ f l ) ) ~ ~  corresponds to the firsborder term of a cumulant 
series expansion. I t  has been already shown that this 
first-order term gives a satisfactory spin-system response." 
The average ( E ~ ( Z ) ) ~ ~ ~ ~ ~  is expressed as - 
(€0(0 )orien 

with 

OFo = 2 L( 2 ds + L L C 2  ds - LL7(s).ii(s) ds 

The corresponding differential equation is - - 
I aL 2ac 21 3 -  - - I  a 1 -  - - -Vo2 + -U - j.U Go[oo,fiL;] = 
L 

It  illustrates a Markovian process, long-range interactions 
being neglected. The solution of (14) still has an analytical 
form:9 

GO[Oo,OJ = [ - T s ; k ]  exPk#4OOo,oL311 

3 / 2  

with 

K = ( P ~ 1 / 3 ) ' / ~ ,  b ( 3 @ ~ / 4 ) ' / ~  (15) 

and 

$[oo,oJ = i V , K , b )  - [(L&,b) 
The functions f (L,K,b)  and [ (L,K,b)  are defined ac- 

cording to the following expressions: 

and 

where 

and 

This-descrietion may be illustrated by considering two 
forces f and - f  applied to chain ends; the_c_orrespo%ding 
potential energy function is written as -f-R, with R the 
end-separation vector of the chain defined by 

d = JLii (s)  ds 

The Boltzmann factor associated with 7 is 

Accordingly, the source 3 = P j  is indpendent of s. Such 

37% 31Tj - ?j-ll ( Asj ) (20) -(3 cos2 [6(?j - ?j-1)] - 1)L* 
4a3 

- Yj-,,) is the angle which the end-separaiion vector ij 
- Fj-' makes with the steady magnetic field Bo (Figure 3). 
The function f * ( x )  is defined by 

and for small x values 
L*(x) x 2 / 1 5  

( ~~(1) )orien is the residual energy of spin-spin interactions 
resulting from nonisotropic motions of skeletal bonds. The 
deviation from isotropic motions is associated with the 
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or 

Figure 3. NMR model of a submolecule consists of freely con- 
nected skeletal bonds 1. The end-separation vector Fj - F;L1 is fixed. 

end-separation vector F;. - ?j-l. In the continuous limit As, - 0, the residual energy depends upon the velocity vector 
Z(S) - 

is the angle which the velocity vector Z(s) makes with 
the magnetic field Bo. The mean value of D(s)  will be 
calculated in next sections, taking stiffness effects into 
consideration. 

IV. Average Quantities of a Chain System 
It will be shown in section V that the zero-order function 

Go derived from the simple bending energy (13) cannot 
account for strong stiffness effects. Accordingly, an ad- 
ditional contribution V[u'(s)]  is introduced into the free 
energy F. The description of stiffness effects is generalized 
by defining a new statistical weight function: 

4 
G [ o o , o ~ , ? l  = loo D[Z(s)l exp(-PF) (23) 

with 
L 

PF = PF,, + V[u'(s)] ds 

The function G[ 130,0Lj] now resembles a Landau-Ginz- 
burg-Wilson functional (n vector model with n = 3, d = 
1). Nevertheless the differential equations they obey are 
different because of the finite length of the polymer chain. 

Whatever the complex structure of the free energy F,  
the average value of any given function $[i i (s)]  of ii(s) is 
simply defined by 

lo? [ii (s) I $ 1 ~  (s) I exp (-OF> 
($[u'(s)l) = (24) 

[ ~ ( s )  I exp(-Pm 

IV.l. State Equation. The velocity vector Z(s) is av- 

(26) (u ' (s) )  = - In G [ f i o , o L j ]  

It  gives the equation of state of a stiff chain. A link with 
more usual concepts is establjshed, relating (i i(s)  ) to the 
average end-to-end vector ( R ) :  

( R )  = (Z(s)) ds (27) 

IV.2. Residual Energy of Dipolar Coupling of Nu- 
clear Spins. The quantity D(s)  is defined a t  any point 
of the polymer by 

eraged by using 
6 

63s) 

L 

0 

D(S) = AG( (3 COS - l)L*(3)Z(s)l)) (28) 

with 

A, = 3y2/4a3 

Starting from the series expansion of L*(x), it is now 

3 18 
5 35 

(Z2(s))2 is associated with 64/674(g). However, a simplifjcaJion 
is suitable, if the soqrce is weak. Since In G(U0,UL.j) is 
at Least quadratic in j (formula 15), (u ' (s))  is at least linear 
in j. Consequently, it  is possible to neglect (ii2(s))2 com- 
pared with C2(s) in the average values. Now we deal with 

possible to express D(s)  as a functional form 

L*(3lii(s)l) = -Z2(s) - -(-Z2(s))2 + ... 

- u , ~ ( s )  - U?(S))  

MpI is a matrix defined by 

It is clearly seen that formula 29 consists of two terms 
which have different physical meanings. The first-order 
derivative 6 In G/6j (s) is related to the state equation, while 
the second-order derivative a2 In G/6j (,)6jl(8) is analogous 
to a one-point correlation function. doth terms are sen- 
sitive to a symmetry break. 

V. Chain with Free End Orientations 

(eq 15), the formula 
Since the analyticai expression for G ( G o , o L j )  is known 

G( oo,oL;) = e-~LOv(~/*l 'd~GO( oo,oL,?) (30) 
allows us to calculate G(O0,OL;). If the orientations of the 
chain ends are not hindered, an interesting simplification 
occurs. Using usual notations, let the new partition 
functions be defined by 

Zoc) = J d o o  Go(oo=oL, l )  = Zoc=6)ewoc) (31) 

(32) 26) = J d o o  G(oo=oL,T)  = Z c = 6 ) e w c )  
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Woo') can be expressed in the form 
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n 

4bshL 
2K 

8P' is the Kronecker symbol. K and b depend on the 
flexibility; they were already expressed in section 11. 

V.1. Effects of Weak Chain Stiffness. The equation 
of state reads as 

(up(s)) = - = j,(s)A(s,s? ds' (34) 
6wo 6jP(s) s," 

The idgal chain equatiqn of state is obtained when the 
source j is set equal to Pf; as was show-in section 11.2 this 
source corresponds to external forces f and -j applied to 
chain ends: 

or 

(35) 

This simple result suggests a relationship between the 
use of Wo and the freely jointed chain model. The residual 
energy of tensorial interactions is calculated in the Ap- 
pendix. I t  obeys the equality 

(36) 

T_he residual energy is a function of the stretching vector 
( R ) .  There is no stiffness effect on NMR properties when 
chain ends have free orientations. 
V.2. Effects of Strong Stiffness. This section deals 

with stiffness effecta. It was s h o w  that the chain statistics 
gre Gaussian, when the limit-conditions are relaxed and 
j is taken as a constant. 

To induce deviations from ideality, more terms must be 
introduced in the free energy, as was suggested in section 
IV. Following Landau-Ginzburg-Wilson, it seems rea- 
sonable to propose a local interaction characterized by a 
symmetry O(3): 

Then WG) can be expanded as 

j(sN)A~(%l, . .a,  SN) (37) 

The component indexes with respect to 3 are omitted. For 
the sake of simplicity, formula 33 is written as 

WG) = i2&((j( l )  . . . .W)A>N(L ..., N)))I ,... ,N (38) 

( (  )Jl,i..fl means an integration over all variables sl, ..., SN 
W(j) is analogous to the functional generatrix of the N- 
point correlation function. Considering the proposed in- 
teraction, we obtain the following perturbation expansion, 
expressed in terms of graphs: 

The calculation rules are almost identical with those of 
the q54 theory (self-interacting scalar field). (i) each vertex 
is associated with a g factor; (ii) each line represents a 
function 

ch( ( Is1 - s21 - :)m} 
4bsh(L/2K) 

A(1,2) = 

(iii) an integration over the internal lines has to be per- 
formed; (iv) each graph corresponds to a symmetry factor, 
which takes the vector character of G(s) into consideration. 

The g expansion has to be cut a t  an order compatible 
with the chosen approximation. The residual energy is 
written as 

3 
hD(s )  = hAc (3 cos2 Bncs) - 1)-C2(s)) (41) ( 5 

To the first order 

A i 2 ) =  - + Q 
(42)  

j,(3)i,(4)1.A2(1,5)A(3,5)A(4,5)) )3.4,5 (46) 
This last term vanishes with g, leading to the Gaussian 

limit. In that case, the single contribution to D(s)  arises 
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t 

W 
Figure 4. Entanglements are supposed to hinder chain-end 
orientations; this constraint is conveniently illustrated by fixing 
end velocities U, and U,. 

from ( i i ( s ) ) ,  i.e., from the first derivatives of In G. 
V.3. State Equation. Using 

( ( N U ) )  ) 2  = 1/3 (47) 
and 

The above formula clearly shows cross-effects of the energy 
of binding and the Local interaction V(ii) upon the average 
stretching vector (It) of a chain. Also, the linear response 
to the local potptial V(Z) depends upon the square of the 
applied force f. 
V.4. Residual Energy of Dipolar Coupling. Since 

( (A2(1,5)A(3,5)A(4,5)) )3,4,5 = 
L/2K 

then 

I U  [ 1 + & $9 coth - 2K - sh2L/2K L/2K ) - $(@f)']Ac 
- 

(52) 
The results are independent of s. When the source is 

uniform, the translational invariance is satisfied. If the 
chain is very flexible (K - 0) 
D(s)  N 

-(3 cos2 4 - 1) 
( P h 2  

15 
(53) 

A decrease of K simultanepdy increases ( i i ( s ) )  and 
D(s) ,  as expected; for a given f ,  average values of submo- 
lecule end-to-end distance are more important when the 
chain is very flexible than in the case of very stiff chains. 
This results from the fact that bent configurations with 
stretched bonds are allowed. 
VI. Entanglement Effects 

For the sake of simplicity, it was supposed in section IV 
that velocities associated with chain ends have no restricted 

0 

n 

0 

f 

. 7  

. 6  

.5 

. 4  

.3 

. 2  

. I  

0 
0 . I  . 2  .3 . 4  .5 . s  . 7  . a  . s  1 

s / L  
Figure 5. Local state equation (C(s) ) according to formula 57. 
The curves also reflect the residual dipolar coupling behavior when 
the chain contour length s varies from 0 to L. Maximum values 
are shifted up when stiffness effects are increased. Values of L / K  
correspond to 2,4 ,6 ,8 ,  and 10 from the lower to the upper curve. 

values. Considering that a submolecule is determined by 
entanglements in molten systems or by cross-links in gels, 
it is now assyned thaJ chain end velocities are fixed vec- 
tors. When Uo and UL are fixed, ( i i ( s ) )  and _D($ values 
can be calculated for all s, using the Go(Uo,ULj) distri- 
bution (15). I t  is not necessary to introduce a local in- 
teraction V(u)  anymore. Three simple cases willbe d@- 
cugsed inJhe fol!owing se_ction_s (Figye 4): (i) Vo = UL 
= 0; (ii) Uo = -UL; (iii) Uo = UL # 0. From eq 15, the 
average value of the velocity is expressed as 

(55) 

By-eliFiqating all terms independent of 7, the function 
d[Uo,ULj] can be rewritten in the form 

4 [ 0 0 , 0 L , 7 1  = P(L3,b) - E*(LB,b) (56) 
with 

The foregoing formula includes both terms linear with 
respect to j and quadratic ones. They givejise to a de- 
pendence of (u ' ( s ) )  proportio_nal to Uo and UL. Further- 
more, a pa$ pjoportio_naJ to j also comes from the deriv- 
atives of A2, P,and  4.B. 

VI.l. U o  = UL = 0 .  According to this first possible 
description of entanglements, chain ends are not fixed but 
the first and the last submolecules are free to fluctuate in 
space provided their end-to-end vectors remain close to 
zero. Cqrrespondingly, a physical illustration is obtained 
when a j force acts on a particular without initial velocity; 
then 

] (57) 
ch(l/K(s - L / 2 ) )  

c h (L / 2K) 
( i i ( s ) )  = g[ 1 - 

3 

The first term reflects the ideal behavior of the chain; the 
stiffness effect is described as a correction. This correction 
induces an s dependence. Formula 57 exhibits a L/2 
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symmetry, as expected, with a maximum in the middle of 
the chain. ( i i ( s ) )  depends on the ratio K I L ;  thus, the 
stiffness competes with the effect of chain length. An 
increase of K (or a decrease of K )  shifts the maximum 
toward higher values (Figure 5 ) .  Applying eq 25 

Effects of Chain Stiffness on NMR Properties 141 

The limit case K I L  - 0 leads to 
PlL, (2) - - 
3 f z  

corresponding to the ideal behavior. 
Consideringnoy t_he average dipol_ar coupling, since we 

deal with Go( Uo,ULj) instead of G(Uo,ULj), D(s)  reflects 
the ( U ' ( S ) ) ~  behavior. 

(59) 

This function shows a maximum in the middle of the 
chain, which can be understood in the following way; the 
model relies upon a first decomposition into submolecules, 
of end-to-end vectors Fj - Fj-, (see section 11.1). In the 
continuous limit, the velocity vector Z(s) is defined by 

rj - rj-l 
(Z(s)) = lim - 

The existence of a maxkum only means that starting from 
chain end conditions U(0) = U ( L )  = 0, the fictitious ve- 
locity must be different from zero for s # 0 or s # L to 
describe the stretched state of a chain. It is maximum in 
the middle of the chain because of a symmetry property. 
The resulting bond extension is raised by an increase of 
K or a recjuction-of L. 

VI.2. Uo = -UL. A descriptio5 coFplementary to the 
previous on+e is no,w dissussed: f = 0 and nonvanishing 
values for Uo = -UL = U,. It  is supposed that entangle- 
ments hinder chain-end orie_ntatioqs. 

With opposite velocities Uo = -UL = on, the average 
velocity has the simple expression: 

- . -  
A.+ Asj 

The state equation is (2)  = 8. It  corresponds to a loop. 
Also 

I sh( (L /2  - s ) l / K )  
sh( L / 2 K )  D(s)  = 0 2 ( 3  cos2 Oi, - 1 )  

To make a comparison of the quqntity Ds with exper- 
imental results, an average over Ua vectors should be 
carried out by using a distribution of vectors specific of 
the polymer system. The residual energy is now equal to 
zero in the middle of the chain because of an antisymmetry 
property. 

vI.3. -Uo = fiL = 0 s .  With equal velocities f i0  = 0~ 
= Us, the average velocity also has a simple expression: 

The state equation of the chain is now written as 
( R )  = 2 K t h ( L / 2 K )  

while the residual energy corresponds to 

The residual dipolar coupling is minimum when s = L / 2 ,  
as expected. Formula 63 shows that deviations from iso- 
tropic motions are stronger a t  chain ends than in the 
middle of the submolecule. This property results from the 
stiffness of the chain; motions are necessarily more hin- 
dered near chain ends than in the center of the chain; thus 
Z(s) and D(s )  are minimum for s = L / 2 .  

VII. Conclusion 
The purpose of this work was to give a theoretical 

analysis of stiffness effects upon NMR properties observed 
from the transverse magnetization of nuclei attached to 
polymer chains. This description concerns entangled 
chains in a melt or cross-linked chains in a covalent gel. 
More generally, the analysis corresponds to polymer chains 
experiencing topological constraints. These were supposed 
to only apply to chain ends. The presence of topological 
constraints necessarily gives rise to nonisotropic motions 
of monomeric units. These deviations from isotropic ro- 
tations generate a residual energy of tensorial spin-spin 
interactions. Stiffness effects were analyzed through this 
residual energy. The present theoretical approach clearly 
shows that chain stiffness actually governs the relaxation 
behavior of the magnetization. However, predicted 
properties strongly depend upon limit conditions con- 
cerning chain ends. 

Considering an external force applied to a chain, two 
cases were discussed: (i) When there is no orientational 
constraints concerning chain ends, the usual description 
of stiffness does not lead to any effect on NMR properties; 
the expression of the residual energy is that of an ideal 
chain. An additional local interaction must be taken into 
consideration to effect the residual energy of spins, but this 
energy is constant along the chain. (ii) When the limit 
condition corresponds to a negligible stretching of chain 
ends, the residual energy obeys a distribution function 
along the chain. The effect of chain length competes with 
that of the stiffness. 

When there is no external force applied to a chain, a 
distribution of the residual energy is still defined along the 
chain. Its expression depends upon limit conditions con- 
cerning chain ends; the effect of chain length still competes 
with that of stiffness. 

Appendix 

L*(x) series expansion 
Formula 36 is proven in the following way. Using the 

m 

& * ( x )  = (Z(S))~ I3 a,(Z2(s))" 
n=O 

The average is calculated by assuming that submolecules 
of chain ends have free orientations; therefore 

(3 COS' e,,,, - 1 ) 6 * ( 3 u ' ( ~ ) )  = 
m 

(2u,2(s) - ux2(s) - u,2(s)) c an(U'2(s))" 
n=O 

This can also be expressed as 
r 
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with 6 Wo/6j'(s) = 01713 and fi = (@L1/3)7. Then 

( 3  COS' 8a(s) - l )L* (3 lU ' (~ ) l )  = (3  COS' 87 - 1 ) L *  3- 
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ABSTRACT: Statistical properties of irregular polyethylene networks of different cross-link densities were 
probed by determining their gel fraction and equilibrium swelling ratio and by measuring the magnetic relaxation 
of protons. Experimental results were in agreement with the description of the vulcanization of linear chains 
within a percolation framework leading to a G' dependence of the equilibrium swelling ratio Q,. A parametrized 
assay function was formed to fit the observed relaxation functions. The fit yielded the second and fourth 
moment behavior of the resonance line. Evidence for a two-step swelling behavior of the PE networks in 
the presence of a swelling agent (xylene) is given. The second moment of the relaxation functions observed 
in networks swollen at equilibrium was shown to be independent of the cross-link density. This result was 
assigned to the existence of a submolecule perceived from NMR with a size smaller than the average distance 
between cross-links in the polymer gel. 

I. Introduction 
This work deals with the statistical structure of ran- 

domly cross-linked networks obtained from the gelation 
process of long linear polymer chains. Vulcanization 
processes of linear chains in the bulk polymer may be 
pictured either by a classical branching process giving rise 
to treelike structures or by a percolation process on an 
infinite renormalized lattice generating on infinite cluster 
above the percolation threshold. Renormalization consists 
in taking the primary chain radius for the lattice parameter 
and the molecular weight 2 for the functionality. For 
vulcanization in contrast with gelation of polyfunctional 
monomers, both descriptions are not in conflict but give 
coherent and complementary results.' 

The swelling behavior of an irregular gel strongly de- 
pends on its functionality and cross-link density.2 A pic- 
ture of the swelling process must take into account the 
fractal dimension of the network and of the network 
strands in the dry state and in the presence of a solvent. 
A theoretical treatment within a percolation framework 
relating the equilibrium swelling to the gel fraction near 
the gelation threshold has recently been de~e loped .~  

Determining the statistical structural units is one of the 
major problems in describing the gel system. The gel 
behavior is sensitive to the average properties of these 
statistical domains. In a system of vulcanized chains, the 
coexistence of entanglements and cross-links is a further 
complication. Trapped entanglements are known to play 
a major part in the swelling process of cross-linked net- 
works by acting as additional  constraint^.^ 

The investigation of quantum coherence properties of 
the transverse relaxation function has proved to be a 

convenient tool to probe the gel structure on a semilocal 
space scale.5 

It has been shown that the fractal structure of chain 
segments statistically determined by two consecutive 
junctions whether they are temporary entanglements or 
covalent bridges can be investigated by the residual energy 
Ar of spin-spin interactions. This residual energy results 
from nonisotropic rotational diffusions of proton pairs 
attached to polymer chains. The NMR technique thus 
yields information on all hindrance effects exerted on chain 
segments. 

The state of stretching of a given elementary chain may 
be reflected by the transverse magnetic relaxation function: 
it has been shown that the residual energy A, of dipole- 
dipole interactions of proton spins attached to a chain of 
fixed end separation vector re is expressed as a function 
of both Ir,l and the number of skeletal bonds Ne in the 
chain segments. For small extensions, A, is known to be 
given by 

IF 12 
I' el 

hAr ~ A G -  
Ne2a2 

where A, is the dipole-dipole interaction observed in the 
glassy state and a is the monomer unit length.6 The 
purpose of this paper is to get a picture of the swelling 
process of weakly cross-linked polyethylene networks as 
it is perceived in a macroscopic scale by equilibrium 
swelling ratio and in a microscopic scale by its magnetic 
relaxation response. We probed the statistical properties 
of chain segments in dry and swollen polyethylene net- 
works covering a wide range of cross-link densities. It was 
necessary to include observations at intermediate swelling 
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